Abstract. Given a toric metrized R-divisor on a toric variety over a global field, we give a formula for the essential minimum of the associated height function. Under suitable positivity conditions, we also give formulae for all the successive minima. We apply these results to the study, in the toric setting, of the relation between the successive minima and other arithmetic invariants like the height and the arithmetic volume. We also apply our formulae to compute the successive minima for several families of examples, including weighted projective spaces, toric bundles and translates of subtori.
Introduction
The height is a tool that is ubiquitous in Diophantine geometry and approximation. It plays a central rôle in the proof of finiteness results on integral and rational points on curves and Abelian varieties like the theorems of Siegel, Mordell-Weil and Faltings, see for instance [HS00, BG06] . It also very useful in transcendence theory and in the context of Schmidt's subspace theorem.
Arakelov geometry provides a convenient framework to define and study heights. Let K be a global field, that is, a field which is either a number field or the function field of a projective curve, and let X be an algebraic variety over K of dimension n. To an (adelically) metrized R-divisor D on X one can associate a real-valued height function h D : X(K) −→ R on the set of algebraic points of X, see § 3 for details. It is a generalization of the notion of height of algebraic points considered by Northcott, Weil and others.
Given η ∈ R, we denote by X(K) ≤η the set of algebraic points p ∈ X(K) with h D (p) ≤ η. For i = 1, . . . , n+1, the i-th minimum of X with respect to D is defined as µ i D
In particular, the first minimum is the infimum of the real numbers η such that the set X(K) ≤η is dense. It is also called the essential minimum of X with respect to D, and denoted µ ess D (X). These successive minima contain important information on the height function. The effective version of the generalized Bogomolov conjecture asks for an explicit lower bound for the essential minimum of certain varieties in terms of geometric and arithmetic data. Such lower bounds have been extensively studied and have several applications in Diophantine geometry and computer algebra, see for instance [AKS07, AV09] .
Our aim in this text is to study the successive minima of height functions in the toric setting. Toric objects can be described in combinatorial terms, and their algebro-geometric properties can be expressed and studied in terms of this description. In particular, a proper toric variety X of dimension n over an arbitrary field is given by a complete fan Σ on a vector space N R R n , and a toric R-divisor D on X defines a polytope ∆ D in the dual space M R := N ∨ R . There is a "toric dictionary" that translates algebro-geometric properties of the pair (X, D) into combinatorial properties of the fan and the polytope.
In [BPS11, BMPS12] , we started a program to extend this toric dictionary to the arithmetic aspects of toric varieties. Suppose that X is a proper toric variety over the global field K. Then, to a toric metrized R-divisor D on X we associate a family of concave functions on the polytope ϑ D,v : ∆ D → R, indexed by the places M K of K. These functions are called the local roof functions of D and they are zero except for a finite set of places. The global roof function ϑ D is the concave function on ∆ D defined as a weighted sum over all places of these local roof functions. The main theme of this program is that the global roof function is the arithmetic analogue of the polytope and encodes a lot of information of the pair (X, D). Among other results, we gave formulae for the height h D (X) and the arithmetic volumes vol(D) and vol χ (D) in terms of this function.
Our first main result in this text is that the essential minimum of a toric metrized R-divisor can also be computed in terms of the global roof function (Corollary 3.10)). Under suitable positivity hypothesis on D, this formula can be extended to cover all the successive minima (Theorem 3.17). Theorem 1.2. Let X be a proper toric variety over K and D a semipositive toric metrized R-divisor on X with D ample. Then, for i = 1, . . . , n + 1,
where F(∆ D ) n−i+1 is the set of faces of the polytope ∆ D of dimension n − i + 1.
Whereas there is a considerable amount of work on upper and lower bounds for the essential minimum, there are very few exact computations in the literature. By contrast, Theorems 1.1 and 1.2 are very concrete and well-suited for computations. For example, they allow to compute the successive minima of the canonical height on translates of subtori of a projective space as the maximum of a piecewise affine concave function on the polytope (Proposition 5.12). The following example illustrates this computation. Let H be the metrized divisor of P 3 given by the hyperplane at infinity equipped with the canonical metric, and let D be the restriction of H to C. Figure 1 shows the local roof functions associated to D for each place v ∈ M Q , and Figure 2 shows the global roof function. This global roof function is the sum of the local ones, and can be described as the minimal concave piecewise affine function on the interval [ (C) = 0. We refer to § 5.5 for explanations on how to do this kind of computations.
Our results allow also to compute the successive minima of toric varieties with respect to weighted L p -metrics and of translates of subtori of a projective space with the Fubini-Study metric, generalizing the computation of the successive minima of a subtori with the Fubini-Study metric in [Som05] . Another nice family of examples is given by toric bundles on a projective space, including Hirzebruch surfaces. We refer the reader to § 5 for the details and the explicit formulae.
A well-known theorem of Zhang shows that the successive minima of a height function can be estimated in terms of the height and the degree of the variety [Zha95a, Zha95b] , This result plays a key rôle in the proof of the Bogomolov conjecture for Abelian varieties and its ulterior developments, including the study of the distribution of Galois orbits of points of small height, see for instance [DP99, Yua08] .
As a direct consequence of Theorems 1.1 and 1.2 and our previous results in [ BPS11, BMPS12] , we obtain a simple proof of Zhang's theorem in the toric case. This approach allows also to prove this result for an arbitrary global field and to relax the positivity hypothesis on the metrized R-divisor (Theorem 4.1).
Theorem 1.4. Let X be a proper toric variety over K of dimension n and D a semipositive toric metrized R-divisor on X with D big. Then
Using our formulae, we can easily construct examples of semipositive toric metrics on the hyperplane divisor on P n Q showing that almost every configuration of successive minima and height can actually happen (Proposition 4.3).
Proposition 1.5. Let n ≥ 0 and ν, µ 1 , . . . , µ n+1 ∈ R such that µ 1 ≥ · · · ≥ µ n+1 and n+1 i=1 µ i ≤ ν < (n + 1)µ 1 .
(1.1)
Then there exists a semipositive toric metric on H, the hyperplane divisor on P (X) for all i, see Corollary 1.6 below. This observation is relevant when applying the known equidistribution results on Galois orbits of small points in the toric case.
By replacing the height of the variety by its χ-arithmetic volume, Zhang's lower bound for the essential minimum extends to the case when the metrics are not necessarily semipositive: if X is a proper variety of dimension n over a number field and D is a metrized divisor on X with D big, then In the toric case, we can also derive a simple proof of the inequality (1.2) for arbitrary global fields and toric metrics on a big toric R-divisor. More importantly, we can characterize the cases when equality occurs (Propositions 4.4 and 4.6). Corollary 1.6. Let X be a proper toric variety over K of dimension n and D a toric metrized R-divisor on X with D big. Then
with equality if and only if ϑ D is constant. If this is the case, then µ
The condition that the roof function is constant is very strong, and it is equivalent to the fact that the v-adic metrics in D can be derived from the canonical metric by translation and scaling (Remark 4.8). In particular, these are the only toric metrics to which the equidistribution theorems mentioned above can be applied.
In collaboration with Juan Rivera-Letelier, we are currently studying the equidistribution properties of Galois orbits of points of small height in the toric setting. We plan to expose our results in a subsequent paper.
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Preliminary results
In this section we gather some preliminary results on global fields and on convex analysis.
Global fields.
A global field K is either a number field or the function field of a smooth projective curve over an arbitrary field, equipped with a set of places M K . Each place v ∈ M K is a pair consisting of an absolute value | · | v on K and a positive weight n v ∈ Q >0 , defined as follows.
The places of the field of rational numbers Q consist of the Archimedean and the p-adic absolutes values, normalized in the standard way, and with all weights equal to 1. For the function field K(C) of a smooth projective curve C over a field k, the set of places is indexed by the closed points of C. For each closed point v 0 ∈ C, we consider the absolute value and weight given, for α ∈ K(C) × , by
where ord v0 (α) denotes the order of α in the discrete valuation ring O C,v0 and
Let K 0 denote either Q or K(C), and let K be a finite extension of K 0 . The set of places of K is then formed by the pairs v = (| · | v , n v ) where | · | v is an absolute value on K extending an absolute value | · | v0 on K 0 and
where K v denotes the completion of K with respect to | · | v , and similarly for K 0,v0 . By [Lan02, Proposition XII.6.1], the weight n v can be also written as
where e(v/v 0 ) is the ramification degree and f (v/v 0 ) is the residue class degree of v over v 0 . Therefore, the notion of global field in this paper is compatible with that in [BPS11, Definition 1.5.12].
In the function field case, the extension K/K 0 corresponds to a dominant morphism B → C of smooth projective curves and K = K(B). However, the set of places of K depends on the extension and not just on the field K.
Given
and the product formula
Both properties are well-known in the case of number fields. In the function field case, the equality (2.3) follows from the projection formula [Liu02, Proposition 9.2.11], whereas the product formula for K follows from (2.3) and the product formula for K 0 . We will first construct finite extensions of K of arbitrary degree that are totally split over a given set of places. To this end, we need the following consequence of Hilbert's irreducibility theorem.
be a separable polynomial of positive degree, S ⊂ M K a finite subset of places of K and (ε v ) v∈S a collection of positive real numbers. Then there exists an element c ∈ K such that the polynomial f (x) + c is irreducible in K[x] and |c| v < ε v for all v ∈ S.
Proof. We want to use Hilbert's irreducibility theorem for fields with a product formula in [Dèb99, Theorem 3.4] . To this end, we need to show that any global field satisfies its hypothesis. The first hypothesis is that the field is either of characteristic zero or imperfect of positive characteristic. Since, if char(K) > 0, then K is the function field of a curve over a field of positive characteristic and so it is not perfect. Thus, this hypothesis holds for global fields. The second one is a density hypothesis that, when K is a number field, follows from the strong approximation theorem and, when K is a function field, follows from the Riemann-Roch theorem for curves over an arbitrary field given in [Liu02, Theorem 7.3.17] .
Consider the polynomial
Being irreducible in K[x, y] and of positive degree in x, it is also irreducible in K(y) [x] . Then [Dèb99, Theorem 3.4] implies that there exists c ∈ K such that
Lemma 2.2. Let d ≥ 1 be an integer and S ⊂ M K a finite subset of places of K.
There exists an extension L/K of degree d such that, for all v ∈ S, there are d different extensions of the absolute value | · | v to L.
, which is a separable polynomial of positive degree. For v ∈ S, put
By Lemma 2.1, there is an element c ∈ K such that f (x) + c is irreducible and
is monic of degree d, so is f (x) + c. Denote by α 1 , . . . , α d the roots of f (x) + c in an algebraic closure of K. For v ∈ S and i ∈ {1, . . . , d} we have that |f (β i ) + c| v = |c| v , from which it follows that there exists an index σ(v, i) ∈ {1, . . . , d} satisfying
(2.4) By the choice of ε v , we deduce that σ(v, i) = σ(v, j) for i = j, and so σ(v, ·) is a bijection. Let τ (v, ·) denote the inverse bijection. Then, using (2.4) and the definition of ε v , we obtain, for i ∈ {1, . . . , d} and j = i,
This implies that f (x) + c is separable. Moreover, the inequality (2.5) also implies that, for each i ∈ {1, . . . , d}, we have 
Since the coefficients of f (x) + c are real, there is j = i such that α j is the complex conjugate of α i . By hypothesis, β σ(v,i) ∈ K v = R and so
which is a contradiction. Thus, for all v ∈ S, the polynomial f (x) + c splits completely in
Let G m be the multiplicative group over K and T G n m a split torus of dimension n over K. Let N = Hom(G m , T) be the lattice of cocharacters of T and write N R = N ⊗R. We fix a splitting T G n m , which induces isomorphisms T(K) (K × ) n and N R R n . Given elements x ∈ T(K) and u ∈ N R , we denote by x i and u i , i = 1, . . . , n, the components of the image of x and u under the previous isomorphisms. Consider the space v∈M K N R with the norm given by
The induced topology is called the L 1 -topology. It does not depend on the choice of the splitting of T. We denote by H K ⊂ v∈M K N R the subspace defined by
(2.7) This map does not depend on the choice of the splitting. By the product formula, we can define a map val :
This is a group homomorphism, and so it can be extended to a map val :
Dirichlet's unit theorem does not hold for general global fields. Nevertheless, the following result, that in the case of number fields is a consequence of Dirichlet's unit theorem, is true in general.
Lemma 2.3. The set val(T(K) ⊗ Q) is dense in H K with respect to the L 1 -topology.
Proof. Since the torus is split, working component-wise, it is enough to treat the case n = 1. Thus T(K) = K × . First suppose that K is an number field or the function field of a curve over a finite field. For each finite subset S ⊂ M K we put
Dirichlet S-unit theorem [Wei74, Chapter IV, § 4, Theorem 9] states that val(K S ) is a lattice in H K,S . Let u ∈ H K . Then there exists a finite subset S such that u ∈ H K,S . Let ε > 0. By the density of rational numbers, we can find an element u ∈ val(K S ⊗ Q) ⊂ H K,S with u − u < ε, proving the lemma in this case. Now let B → C be a dominant morphism of smooth projective curves over an infinite field k and set K = K(B) with the induced structure of global field. In this case, Dirichlet S-unit theorem may not hold and the lemma is a consequence of the Riemann-Roch theorem.
Let (u v ) v ∈ H K and ε > 0. We have to show that there is an element
Since Q is dense in R, we may assume without loss of generality that u v ∈ Q for all v ∈ M K . Since there is a finite subset S such that u ∈ H K,S , we can choose an integer q ≥ 1 such that
Recall that the set of places of K is indexed by the set of closed points of B. With notation as in (2.2), we consider the Weil divisor on B given by
By the definition of the weights n v and the product formula,
Let E be an effective Weil divisor on B with deg(E) = r ≥ g(B), where g(B) is the genus of B, and choose an integer
.
, by the Riemann-Roch theorem [Liu02, Theorem 7.3.17] we can find an element α ∈ K × and an effective divisor E on B with deg(E ) = r such that
(2.8)
Using that E and E are effective divisors of degree r, we deduce that
and, using (2.9),
obtaining the result.
Remark 2.4. The space H K has another natural topology, the direct sum topology. A subset U ⊂ H K is open for the direct sum topology if and only if its intersections with all the subsets H K,S are open. The direct sum topology is finer than the L 1 -topology. In fact, a sequence (u j ) j≥1 of elements of H K converges to u ∈ H K in the direct sum topology if and only it converges in the L 1 -topology and there is a finite subset S ⊂ M K such that u j ∈ H K,S for all j ≥ 1.
The proof of Lemma 2.3 for number fields and function fields over a finite field shows the stronger result that the set val(T(K) ⊗ Q) is dense in H K for the direct sum topology. By contrast, the proof of Lemma 2.3 for general function fields only shows density for the L 1 -topology because we have no control on the support of the divisor E in the equation (2.8).
Although the L 1 -topology is coarser than the direct sum topology, the next result shows that it will be enough for our purposes. 
is continuous with respect to the L 1 -topology.
Proof. First note that the function in the lemma is well-defined because the sum only involves a finite number of nonzero terms. Within this proof, we will indistinctly denote by · the L 1 -norm on N R R r or on v N R . Since Ψ is Lipschitz at 0, there are constants B > 0 and ε 0 > 0 such that, for
This shows the continuity at the point (u v ) v . Since this point is arbitrary we obtain the lemma.
2.2. Concavification of functions. We next introduce the concavification of a function and study its basic properties.
Definition 2.6. Let f : N R → R be a function. The concavification of f , denoted conc(f ), is the smallest concave function on N R that is bounded below by f .
The concavification of a function may not exists but if it exists, it is unique. Recall from from [BMPS12, Definition A.1] that the stabilizer of the function f is the subset of M R given by
(2.10)
Lemma 2.7. Let f : N R → R be a function. Then conc(f ) exists if and only if stab(f ) = ∅. If this is the case, then for u ∈ N R ,
where the supremum is over all expressions of u as a convex combination of points of N R , that is, all expressions of the form u = j=1 ν j u j with ∈ N, ν j ≥ 0 for all j, j=1 ν j = 1 and u j ∈ N R .
Proof. Clearly, conc(f ) exists if and only if there exists a concave function g :
Since the function x, u + c is concave, we deduce that conc(f ) exists. Conversely, assume that conc(f ) exists. Since conc(f ) is concave, stab(conc(f )) = ∅. Therefore stab(f ) ⊃ stab(conc(f )) is not empty.
The expression for conc(f )(u) follows from [Roc70, Theorem 5.3], see loc. cit. page 36.
If the function f is locally bounded below, we can assume that the numbers ν j of the previous lemma are rational numbers.
Lemma 2.8. Let f : N R → R be a function such that stab(f ) = ∅ and which is locally bounded below. Then, for u ∈ N R ,
where the supremum is over all expressions of the form u =
Thus, we only need to show the other inequality. Let ε > 0. By Lemma 2.7 we can find a convex combination u = k j=1 ν j u j with ν j > 0 for all j and j=1 ν j = 1 such that
(2.11)
Fix an isomorphism N R R n and consider the associated L 1 -norm, that we denote by · . Since stab(f ) = ∅ and f is locally bounded below, the function |f | is bounded on compact subsets. Therefore, there is a constant B > 0 such that < kη and
Combining this with (2.11),
which proves the result.
Remark 2.9. In the previous lemma, the hypothesis that f is locally bounded below is necessary because there exist non-concave functions that satisfy the concavity condition for rational convex combinations. For instance, a discontinuous Q-linear function from R to R is not concave because it is not continuous, but it satisfies the concavity condition for rational combinations because it is Q-linear. The condition of being locally bounded below is trivially satisfied if f is continuous.
The next result gives a criterion for the stability of a conic function to be nonempty and, a fortiori, for the existence of its concavification.
Lemma 2.10. Let Ψ : N R → R be a conic function. Then stab(Ψ) = ∅ if and only if, for all collections of points u j ∈ N R , j = 1, . . . , , such that j=1 u j = 0, we have
(2.13)
Proof. Suppose that, for all zero-sum families of points u j ∈ N R , j = 1, . . . , , the inequality (2.13) holds. For u ∈ N R , set
where the supremum is over all w j ∈ N R , j = 1, . . . , , such that u = j w j . By (2.13) applied to the points −u and w j , j = 1, . . . , ,
and so the supremum in (2.14) is finite. Hence, (2.14) defines a conic function Φ : N R → R. By construction, Φ is concave and Φ ≥ Ψ. Hence, stab(Ψ) ⊃ stab(Φ) = ∅.
Conversely, assume that stab
Lemma 2.11. Let f : N R → R be a function with stab(f ) = ∅ and g : N R → R another function with |f − g| bounded. Then stab(g) = ∅ and
Proof. If |f −g| is bounded, then stab(f ) = stab(g), which gives the first statement. Since |f − g| is bounded we can choose B > 0 such that |f (u) − g(u)| ≤ B for all u ∈ N R . Fix a point u ∈ N R and consider a convex combination of points of
Since this is true for any convex combination as above, we deduce
By symmetry conc(g)(u) − conc(f )(u) ≤ B and the second statement follows.
Successive minima of toric metrized R-divisors
In this section, we give the formulae for the successive minima of the height function associated to a toric metrized R-divisor on a proper toric variety over a global field. We will use the notations and results in [BPS11, BMPS12] although, for the convenience of the reader, we recall below some of them.
Let K be a global field as in the previous section and X a variety over K, that is, a reduced and irreducible separated scheme of finite type over K. The elements of X(K) will be called the algebraic points of X. For each place v ∈ M K , we denote by X an v the v-adic analytification of X. If v is Archimedean, this is is a complex space (equipped with an anti-linear involution if K v R) and, if v is non-Archimedean, it is a Berkovich space.
Given a (quasi-algebraic) metrized R-divisor D on X as in [BMPS12, Definition 3.3], we consider the associated height function
For instance, when D is a Cartier divisor, we can take f as a local equation of D at p.
Choose a finite extension F of K such that p ∈ X(F). To f , we can associate a metrized R-divisor div(f ) and we consider the metrized R-divisor D − div(f ) on X. For simplicity, we also denote by D − div(f ) the metrized R-divisor on X F obtained by base change. To each place w ∈ M F can associate a w-adic Green function Definition 3.1. With the previous notations, the height of p with respect to D is given by
The height is independent of the choice of the rational function f and of the extension F.
Remark 3.2. This definition is the natural extension to metrized R-divisor of the height functions of points from Arakelov geometry as in [BGS94, Zha95b, Gub03, Cha06, BPS11] . Observe that, to define the height of cycles of arbitrary dimension in [BPS11] , we need the variety to be proper and the metrics to be DSP, but these conditions are not needed in the case of points. The reason is that Definition 3.1 is equivalent to first restricting the metrized divisor to the point and then computing the height of the point with respect to this restriction, together with the observation that a point is proper and that every metric on a point is semipositive.
Instead of choosing a finite extension where the point p is defined, we can express the height of an algebraic point in terms of its Galois orbit. For each place v, we choose an arbitrary inclusion  :
be the maps induced from the extension of valued fields
for the non-Archimedean case. Consider then the composition
v does not depend on the choice of the inclusion  and will be denoted by (
Proposition 3.3. With the previous hypothesis and notation, the height of p with respect to D is given by
, we may assume that p ∈ |D|. Choose then a finite normal extension F of K such that p ∈ X(F). Similarly as in (3.1), for each v ∈ M K and w ∈ M F with w | v, there are maps
and the corresponding Green functions of D verify that
Write G = Aut(F, K) and let F G be the fixed field. Then F/F G is a Galois extension with Galois group G and
where M F,v denotes the set of places of M F over v. Then, from the definition of the height of p in Definition 3.1 and the weights of F in (2.1), it follows that
The group G acts on X(F), on M F,v and on (G K · p) v , since p is defined over F. Both actions are compatible with the previous maps: for each γ ∈ G, q ∈ X(F) and w | v,
Furthermore, the action of G on M F,v is transitive. Hence, the map
is surjective and equivariant with respect to the action of G. We deduce that all the fibers of this map have the same cardinality. Hence,
The statement follows from this together with (3.2).
Definition 3.4. Let X be a variety over K and W ⊂ X a locally closed subset. For η ∈ R, consider the subset of algebraic points of W given by
for the absolute minimum and the essential minimum of W with respect to D, respectively.
Clearly,
(3.
3)
The following result shows that the successive minima are stable with respect to finite maps. (1) If f is generically finite then µ
Theorem 1.5.11(2)] and Remark 3.2. It follows that, for any real number η, we have
We first prove (2). Being finite, the morphism f is proper and, since it is dominant, it is also surjective. Hence We now specialize to the toric case. Let T G n m be a split torus of dimension n over K. Let N = Hom(G m , T) be the lattice of cocharacters of T, M = Hom(T, G m ) = N ∨ the lattice of characters, and write N R = N ⊗ R and
Let X be a proper toric variety over K with torus T, described by a complete fan Σ on N R . Recall that, to each cone σ ∈ Σ correspond an open affine subset X σ and an orbit O(σ). In particular, for σ = {0} we obtain the principal open subset X 0 that, in this case, agrees with the orbit O(0). It is canonically isomorphic to the split torus T that acts on the toric variety X. The action of T on X will be denoted by (t, p) → t · p.
A toric R-divisor on X is an R-divisor invariant under the action of T. Such a divisor D defines a function Ψ D : N R → R whose restriction to each cone of the fan Σ is linear, and which is called a "virtual support function". The toric R-divisor D is nef if and only if Ψ D is concave. One can also associate to D the subset ∆ D ⊂ M R given as ∆ D = stab(Ψ D ), the stability set of Ψ D as in (2.10). If D is pseudo-effective, ∆ D is a polytope and, otherwise, it is the empty set.
For each place v ∈ M K , we associate to the torus T an analytic space T an v and we denote by S an v its compact subtorus. In the Archimedean case, it is isomorphic to (S 1 ) n . In the non-Archimedean case, it is a compact analytic group, see [BPS11, For each v ∈ M K , we consider the local roof function The global roof function ϑ D : ∆ D → R is defined as the weighted sum
As it is customary in convex analysis, we can also consider ϑ D as a function from the whole of M R to the extended real line R ∪ {−∞} by writing ϑ D (x) = −∞ for x ∈ ∆. With this convention, D is not pseudo-effective if and only if
In the case of toric varieties, the height of an algebraic point can be expressed in terms of the family of functions {ψ D,v } v∈M K . Let p is an algebraic point in the principal open subset X 0 . Since D is a toric R-divisor, p is not in the support of D. Choose a finite extension F of K such that p ∈ X 0 (F). For simplicity, we will also denote by D the toric metrized R-divisor on X F obtained by base change. Then, by the definition of the height and the definition of these functions in (3.4),
The following is the key technical result to study successive minima of toric varieties.
Theorem 3.7. Let X be a proper toric variety over K and D a toric metrized
Proof. We first show that
Let p be an algebraic point of X 0 and choose a finite extension F of K such that p ∈ X 0 (F). We have w∈M F n w val w (p) = 0 and recall that, for each w ∈ M F and x ∈ ∆,
Hence, by (3.5) and (2.3), for any x ∈ ∆,
We conclude that µ
for all x ∈ ∆, we obtain the inequality (3.6).
We now prove µ
Let S be a nonempty subset of places v ∈ M K that contains all Archimedean places and all places v such that ψ v ≡ Ψ. In particular, S contains all the places where ϑ v ≡ 0. Suppose first that D is pseudo-effective. By [BMPS12, Proposition 4.9(2)], this is equivalent to the fact that ∆ = ∅. By Lemma 2.7, this implies that conc(ψ v ) exists for all v.
Let ε > 0. Using Lemma 2.8, we deduce that there exists d ≥ 1 and, for all v ∈ S, there exists u v,j ∈ N R , j = 1, . . . , d, such that
For v ∈ S, put u v,j = 0, j = 1, . . . , d. Since for v / ∈ S we have ψ v = Ψ and hence
Let F/K be an extension of degree d such that all places in S split completely, as given by Lemma 2.2. For each v ∈ S and w ∈ M F such that w | v, we have n w = n v /d. We number the places above a given place v ∈ S and write them as w(v, j), j = 1, . . . , d. Let p = α r = α ⊗ r ∈ T(F) ⊗ Q with α ∈ T(F) and r ∈ Q. Such an element may be viewed as a point of T defined over some radical extension of F. Hence, val w (p) = rval w (α) is the common value at p of the valuation maps associated to the places of this extension over w.
Recall that H F ⊂ w∈M F N R is the hyperplane defined by the equation
as in (2.6).
The functions Ψ and ψ v satisfy the hypothesis of Lemma 2.5. Hence, we deduce from Lemmas 2.3 and 2.5 that there exists p = α ⊗ r ∈ T(F) ⊗ Q with α ∈ T(F) and r ∈ Q such that val w (p) = 0 for w above v / ∈ S, with val w(v,j) (p) sufficiently close to u v,j for all v ∈ S and j = 1, . . . , d. Therefore
From (3.9) and (3.10), we deduce that
Using v∈M K n v u v = 0 and (3.8), we obtain
From this, we deduce that µ
If D is not pseudo-effective, then stab(Ψ) = ∅ and max x∈M R ϑ D (x) = −∞. By Lemma 2.10, there exist u j ∈ N R , j = 1, . . . , , such that
Using Lemmas 2.5 and 2.3, there exists p = α ⊗ r ∈ T(K) ⊗ Q such that
For l ≥ 1 such that lr ∈ N, we view p l := α ⊗ lr as a point of T(K). Then The next lemma shows that the successive minima of a toric variety with respect to a toric metrized R-divisor can be computed in terms of the absolute minima of the orbits under the action of T.
Lemma 3.9. Let X be a proper toric variety over K of dimension n and D a toric metrized R-divisor on X.
(1) Let σ ∈ Σ. Then µ (O(σ)). For the reverse inequality, observe that, for a cone σ ∈ Σ of dimension ≥ i, the orbit O(σ) is of dimension ≤ n − i. Using the decomposition of X into orbits, we deduce that
Hence,
Theorem 1.1 in the introduction is a direct consequence of the previous results.
Corollary 3.10. Let X be a proper toric variety over K and D a toric metrized
Proof. From Lemma 3.9(2) and Theorem 3.7 we obtain
Using this result, we can deduce some relations between the essential minimum and the positivity properties of D in the toric setting.
Corollary 3.11. Let X be a proper toric variety over K of dimension n and D a toric metrized R-divisor on X. Then It is possible to reformulate Corollary 3.10 to give a formula for the essential minimum in terms of the functions ψ D,v that is useful when computing the essential minimum in concrete situations as those considered in § 5.
For convenience we recall the definition of sup-convolution of two concave functions [BPS11, § 2.3]. Let ∆ ⊂ M R be a polytope and ψ 1 , ψ 2 two concave functions on N R whose stability set is ∆. Then
This is a concave function on N R with stability set ∆. The sup-convolution is an associative operation. In fact it corresponds to the pointwise addition by LegendreFenchel duality [BPS11, Proposition 2.3.1]. That is,
Moreover, if ψ 2 = Ψ is the support function of ∆, then ψ 1 Ψ = ψ 1 . Recall also the right multiplication of a concave function by an scalar.
This operation is dual of the usual left multiplication
Corollary 3.12. Let X be a proper toric variety over K and D a toric metrized R-divisor on X.
(1) If D is pseudo-effective, then 
Hence we obtain the first statement.
If D is semipositive and its metric agrees with the canonical metric for all places except one place v 0 , then ψ D,v = Ψ D for all v = v 0 and ψ D,v0 is concave. Since the semipositivity of D implies that D is pseudo-effective, the first statement implies that
which proves the second statement.
Remark 3.13. If D is semipositive and its v-adic metric agrees with the canonical metric for all places except one place v 0 , then we can identify a dense set of points whose height agrees with µ ess D (X). Namely, each point
We now want to extend Corollary 3.10 to the other successive minima. To do this, we have to describe the restriction to an orbit of a toric metrized R-divisor in terms of its roof function.
Let X be a proper toric variety and D a toric metrized R-divisor with D nef. Let Σ be the fan of X and ∆ D the polytope associated to D. Recall that, as in [BPS11, Example 2.5.13], to a cone σ ∈ Σ we can associate a face F σ ⊂ ∆ D given by F σ = {x ∈ ∆ D | y − x, u ≥ 0 for all y ∈ ∆ D , u ∈ σ}. Choose an element m σ ∈ M R in the affine space generated by the face F σ . Then the R-divisor D −div(χ −mσ ) intersects the orbit closure V (σ) properly, see [BPS11, Proposition 3.3.14] for the case of Cartier divisors. We set
with div(χ −mσ ) as in [BMPS12, Definition 3.4]. In this situation, ∆ Dσ = F σ − m σ .
Proposition 3.14. Let X be a proper toric variety and D a toric metrized Rdivisor with D nef. Let Σ be the fan of X and σ ∈ Σ. With notation as in (3.11),
Moreover, if D is semipositive, the equality holds.
Proof. Assume that D is semipositive. Hence for every v ∈ M K the function ψ v is concave. We identify stab(Ψ(σ)) with F σ by means of the translation by −m σ . By the analogue for R-divisors of [BPS11, Proposition 4.8.9], we have that, for all
Summing up for v ∈ M K , we obtain the equality in this case. We now drop the hypothesis of D being semipositive. In this case, the functions ψ v are not necessarily concave. Since D is nef, the function Ψ is concave. By Lemma 2.11, for each v ∈ M K , we have that | conc(ψ v ) − Ψ| is bounded. By [BMPS12, Proposition 4.19(1)] the family of functions {conc(ψ v )} v∈M K determines a semipositive toric metric on D. We denote by D the corresponding semipositive metrized R-divisor. Since for each function f with nonempty stability set
which concludes the proof.
Theorem 3.15. Let X be a proper toric variety over K and D a toric metrized R-divisor on X with D nef.
(1) Let Σ be the fan of X and σ ∈ Σ. Then
If D is semipositive, then the equality holds. (2) For i = 1, . . . , n + 1,
If D is semipositive, then the equality holds.
Proof. The first statement follows directly from Theorem 3.7 and Proposition 3.14. The second statement follows from the first one together with Lemma 3.9(2).
Remark 3.16. Since ϑ D is a concave function, its minimum is attained at the vertices of ∆ D . Therefore, if D is semipositive, we deduce
This result was already implicit in [BMPS12, Theorem 2(2)] and has been generalized by Ikoma to non-toric varieties using Okounkov bodies and concave transforms [Iko14] . It would be interesting to know if Corollary 3.10 can also be generalized to non-toric varieties.
When the divisor D is ample, we are able to give a version of Theorem 3.15(2) in terms the polytope ∆ D only.
Theorem 3.17. Let X be a proper toric variety over K and D a semipositive toric metrized R-divisor on X with D ample. Then, for i = 1, . . . , n + 1,
where F(∆ D ) n−i+1 is the set of faces of dimension n − i + 1 of the polytope.
Proof. If D is ample, the correspondence σ → F σ is a bijection that sends cones of dimension i − 1 to faces of dimension n − i + 1. Thus, by Theorem 3.15(2), we deduce µ
where F(∆ D ) ≥n−i+1 is the set of faces of dimension greater of equal to n − i + 1. The concavity of ϑ D implies that the minimum in the right hand side is attained in faces of dimension n − i + 1, hence the result. (1) Let X be a toric surface over K and let D be a toric metrized R-divisor such that the underlying divisor D is big but not nef and that there is a one dimensional orbit O(σ) such that deg D (O(σ)) < 0. In this case
Thus the hypothesis D nef in Theorem 3.15(2) is necessary.
(2) Consider X = P 1 Q and the divisor ∞ = (0 : 1). We consider the toric metric given by the canonical metric for v = ∞ and
Denote D the obtained metrized R-divisor. The associated polytope is ∆ = [0, 1], and the roof function is
Thus, we see that the hypothesis D semipositive is necessary for the equality in Theorem 3.15(2) to hold. (3) Let X be the blow-up of P 2 Q at the point (1 : 0 : 0) and let D be the preimage of the metrized divisor given by the hyperplane at infinity with the canonical metric at the non-Archimedan places and the Fubini-Study metric at the Archimedean place.
Let σ 0 ∈ Σ be the one dimensional cone corresponding to the exceptional divisor. Then F σ0 is the vertex (0, 0) and has dimension zero. Thus
Hence the hypothesis D ample is necessary in Theorem 3.17.
On Zhang's theorem on successive minima
Zhang's theorem on successive minima [Zha95a, Theorem 5.2], [Zha95b, Theorem 1.10], shows that the successive minima of a metrized divisor can be estimated in terms of the height and the degree of the ambient variety. This result plays an important rôle in Diophantine geometry in the direction of the Bogomolov conjecture and the Lehmer problem and its generalizations. It also plays a rôle in the study of the distribution of Galois orbits of points of small height.
We start by giving a proof of a variant of Zhang's theorem in the toric setting (Theorem 1.4 in the introduction).
Theorem 4.1. Let X be a proper toric variety over K of dimension n and D a semipositive toric metrized R-divisor on X such that D is big. Then 
We now prove the left inequality. For each face F of ∆ we choose a point
For each flag of faces
Then ∆ Ξ is a (possibly degenerate) simplex. Moreover
Let f : ∆ → R be the function determined by
(1) For each complete flag Ξ, the restriction f | ∆Ξ is affine.
Given a face F of ∆ of dimension i, there exists a cone σ ∈ Σ n−i such that F = F σ . Therefore, by Theorem 3.15(2),
Since ϑ D is concave and f is affine in each simplex ∆ Ξ , we deduce
we deduce
proving the result.
Corollary 4.2. Suppose that D is nef. Then
Proof. Since D is nef, all the successive minima are non-negative. Then the corollary follows directly from Theorem 4.1.
The following result improves [PS08, Théorème 1.4]. We show that, already for the universal line bundle on P n Q , almost every configuration for the successive minima and the height satisfying the inequalities in (4.1), can be realized.
Proposition 4.3. Let r ≥ 1 and ν, µ 1 , . . . , µ r+1 ∈ R such that
Then there exists a semipositive toric metric on H, the divisor given by the hyperplane at infinity of P r Q , such that µ i H (P r ) = µ i , i = 1, . . . , r + 1, and h H (P r ) = ν.
Proof. Let e 1 , . . . , e r be the standard basis of R r and ∆ r = conv(0, e 1 , . . . , e r ) the standard simplex of R r . For 0 ≤ t < 1 consider the function θ t : ∆ r → R defined as the smallest concave function on ∆ r such that
µ i for x = e i−1 and i = 2, . . . , r + 1.
Then the integral ∆ r θ t dx varies continuously in the interval
In particular, there exists t such that the corresponding integral gives ν (r+1)! . Consider the semipositive toric metric ( · v ) v on H given by, for v = ∞, the toric metric associated to θ t and, for v = ∞, the canonical metric. A straightforward calculation shows that this metric satisfies the required conditions.
For the right hand inequality in Theorem 4.1, we can relax the hypothesis of semipositivity of the metrized R-divisor, by replacing the height by the arithmetic volume or the χ-arithmetic volume of the divisor. In our present toric setting, the obtained lower bound of the essential minimum in terms of the χ-arithmetic volume extends [CT09, Lemme 5.1] to arbitrary global fields and metrized R-divisors.
Proposition 4.4. Let X be a proper toric variety over K of dimension n and D a toric metrized R-divisor on X such that D is big. Then
. Now we will characterize when equality occurs in the lower bounds in Proposition 4.4. First we need a technical lemma.
Lemma 4.5. Let Ψ : N R → R be a conic function such that stab(Ψ) has nonempty interior, and f : N R → R a continuous function such that |f − Ψ| is bounded. Let u 0 ∈ N R and γ ∈ R. The following conditions are equivalent:
(
Proof. Set ∆ = stab(Ψ), which is a convex subset of M R and agrees with stab(f ) by the hypothesis |f − Ψ| bounded.
(1) ⇒ (2): the function f is asymptotically conic in the sense of [BMPS12, Definition A.3]. Hence stab(conc(f )) = stab(f ) = ∆ and conc(f ) = f ∨∨ . Thus
Thus, the right hand side of (4.6) agrees with conc(Ψ)(u − u 0 ) − γ.
(2) ⇒ (1): This follows from the fact that f ∨ = conc(f )
∨
(1) ⇒ (3): Since, for any function with non empty stability set,
the bound for f (u) follows from the implication (1) ⇒ (2). Thus we only have to show that f (u 0 ) = −γ. By equations (4.6) and (4.7), we have f (u 0 ) ≤ −γ. Thus assume that f (u 0 ) = −γ − ε for some ε > 0. Let x 0 be a point in the interior of ∆ and choose a norm · on N R . By (4.6) and (4.7), and using that x 0 belongs to the interior of ∆, we deduce that there exists
By the continuity of f there is η > 0 such that, if u − u 0 ≤ η then
By the inequality (4.8)
contradicting (1). Therefore f (u 0 ) = −γ finishing the proof of (3).
(3) ⇒ (1): let x ∈ ∆. We have that
Hence, the inequality in (3) implies that f ∨ (x) ≥ x, u 0 + γ and, on the other hand, f ∨ (x) ≤ x, u 0 − f (u 0 ) = x, u 0 + γ, which implies the statement.
Recall that H F ⊂ w∈M F N R is the hyperplane defined in (2.6).
Proposition 4.6. Let X be a proper toric variety over K of dimension n and D a toric metrized R-divisor on X such that D is big.
(1) The equality
holds if and only if there exist real numbers (γ v ) v ∈ v∈M K R, and vectors
holds if and only if there exist
Proof. For short we write ∆ = ∆ D . We first prove (1). By (4.4), the equality for the essential minimum holds if and only if, for all x ∈ ∆,
(4.9) 
The proof of (2) is similar, but using equation (4.5) and observing that Corollary 3.11(2) implies the extra condition (2a). Proposition 4.6 also gives a criterion for when the right inequality in Theorem 4.1 is an equality.
Corollary 4.7. Let X be a proper toric variety over K of dimension n and D a semipositive toric metrized R-divisor on X such that D is big. Then the equality
Proof. Since D is assumed to be semipositive, we have that h D (X) = vol χ (D) and all the functions ψ D,v are concave. Thus the corollary follows from Proposition 4.6(1) and Lemma 4.5.
Remark 4.8. Observe that, if a metrized R-divisor D = (D, ( · v ) v∈M K ) the equivalent conditions of Corollary 4.7, then its metric is very close to the canonical metric. For instance, if there is an element t ∈ T(K) such that val v (t) = u v then
Examples
The previous results allow us to compute the successive minima of several examples. The difficulty of the computations increases with the number of places where the metric differs from the canonical one. The following subsections are ordered increasingly according to this level of difficulty.
5.1. Canonical metric. As a first example, we show that the essential minimum of a toric variety with respect to a pseudo-effective toric R-divisor equipped with the canonical metric at all the places as in Example 3.6, is zero.
Proposition 5.1. Let X be a proper toric variety over K of dimension n and D a toric metrized R-divisor with the canonical metric. Then If D is nef, the result about the successive minima follows similarly from Theorem 3.15(2).
Weighted L
p -metrics on toric varieties. In the next three subsections we consider the case when only one metric (the Archimedean one in Q) differs from the canonical one. This will allow us to use Corollary 3.12(2).
We introduce a general family of Archimedean metrics we toric varieties. To this end, let X be a proper toric variety of dimension n over Q, with fan Σ, D a nef toric divisor on X and ∆ = ∆ D the polytope associated to D. The support function associated to D is the support function of ∆. It is given, for u ∈ N R , by
Let α = (α m ) m∈M ∩∆ be a collection of non-negative real numbers such that, if m is a vertex of ∆, then α m > 0. Let Λ > 0 be a real number. We consider the metric on O(D) over X 0 (C) given, for p ∈ X 0 (C), by
The function associated to this metric, ψ Λ,α : N R → R, is given by
Proposition 5.2. The function ψ Λ,α is concave and |ψ Λ,α − Ψ| is bounded. Therefore, the metric · Λ,α extends to a continuous semipositive metric on O(D) over X(C).
Proof. Each function α m e −Λ m,u is log-convex. Since sums of log-convex functions are log-convex [BV04, § 3.5.2], we deduce that ψ Λ,α is concave.
For the second statement we first observe that
Using the equality (5.1), we deduce that |ψ Λ,α − Ψ| is bounded. The last statement follows then from [BPS11, Theorem 4.8.1].
Let D be the metrized divisor given by D, the metric · Λ,α at the Archimedean place and the canonical metric at the non-Archimedean places. Hence, the adelic family of functions associated to D is given by ψ Λ,α at the Archimedean place and by Ψ at the non-Archimedean places.
Example 5.3. When ∆ is the standard simplex, the toric variety is the projective space and the divisor is the hyperplane at infinity. When Λ = 2 and α m = 1 for all m ∈ ∆ ∩ M = F(∆) 0 we recover the Fubini-Study metric. When Λ = 2 and α m are arbitrary positive numbers, we recover the case of the weighted Fubini-Study metric as in [BMPS12, Example 6.5]. For general Λ we obtain weighted versions of the L p metric.
Thus the metrics we are considering in this section are the natural generalization to arbitrary proper toric varieties over Q of the weighted Fubini-Study metric and weighted L p -metric. In fact, they are the inverse images of the weighted Fubini-Study and weighted L p -metrics on the projective space by a suitable toric morphism.
We first compute the absolute minima of the orbits of X.
Proposition 5.4. Let σ ∈ Σ and F σ ⊂ ∆ the corresponding face. Then We can compute now the successive minima of X with respect to D.
Theorem 5.5. Let notation be as above. Then, for i = 1, . . . , n + 1,
If furthermore D is ample, then
Proof. The first part follows directly from Proposition 5.4, Lemma 3.9(2) and the observation that, if σ ⊂ τ , then F τ ⊂ F σ . The second statement follows from the first and the fact that, when D is ample, the correspondence between cones of Σ and faces of ∆ gives a bijection between cones of dimension i − 1 and faces of dimension n − i − 1.
The example below and those in § 5.5 and 5.6 share a common setting that we summarize here.
Setting 5.6. Let K be a global field, P r the projective space of dimension r over K and H the divisor corresponding to the hyperplane at infinity. Then P r is a toric variety and H is an ample toric divisor.
Let e 1 , . . . , e r be the standard basis of (R r ) ∨ = R r and set also e 0 = 0. The polytope associated to H is the standard simplex of R r : ∆ r = conv(e 0 , . . . , e r ).
The toric divisor H corresponds to the support function of this polytope Ψ ∆ r : R r → R, that is Ψ ∆ r (u 1 , . . . , u r ) = min(0, u 1 , . . . , u r ). Let N be a lattice of rank n and M the dual lattice. Let ι : N → Z r be an injective linear map. We set m j = ι ∨ e j ∈ M for the j-th coordinate of ι, j = 1, . . . , r, and also m 0 = ι
r be a rational point and consider the monomial map ϕ p,ι : T → P r given, for t ∈ T, by
The image im(ϕ p,ι ) is the translate of a subtorus of the open orbit P r 0 G r m by the point p. We set Y for its closure in P r . Let Σ be the complete fan on N R induced by ι and Σ ∆ r , and set Ψ = ι * Ψ ∆ r . We denote by X and D the proper toric variety over K and the toric Cartier divisor on X associated to this data. Set ∆ = conv(m 0 , . . . , m r ) ⊂ M R . We can verify that Σ coincides with the normal fan of ∆ and that Ψ is the support function of this polytope. In particular, Ψ is strictly concave on Σ, the divisor D is ample, and ∆ D = ∆.
Therefore, the monomial map ϕ p,ι extends to a toric morphism X → P r that we denote also by ϕ p,ι as in [BPS11, (3 
is a saturated sublattice of Z r , then X is the normalization of Y . In general, the map X → Y is finite and its degree is given by the index of the Z-module ι(N ) in its saturation. The definition of Ψ implies that D = ϕ * p,ι H. Example 5.7. We place ourselves in the Setting 5.6 with K = Q and p = (1 : · · · : 1) the distinguished point of the principal orbit of P r . Thus we consider the projective space P r as a toric variety. We equip the divisor at infinity H with the Fubini-Study metric at the Archimedean place and the canonical metric at the nonArchimedean places. We denote H FS the obtained metrized divisor. As in Example 5.3 this corresponds to the standard simplex, Λ = 2 and α m = 1. Thus Theorem 5.5 implies
We consider now the metrized divisor on X given by
Then, since D is ample and the map X → Y is finite, by Theorem 5.5 and Proposition 3.5(2),
Hence we recover the computation of the successive minima of subtori with respect to the Fubini-Study metric in [Som05] .
As an illustration, we consider the quadric Q ⊂ P 3 defined as the image of the monomial map
The polytope ∆ is the unit square [0, 1] 2 . Considering the lattice points in its different faces, we deduce that
5.3. Weighted projective spaces. Let ∆ ⊂ M R be a lattice simplex of dimension n and (X, D) the associated polarized toric variety over Q. Let u 0 , . . . , u n be a set of vectors of N R , orthogonal to the faces of ∆ and pointing inwards. The variety X is a weighted projective space if and only if the primitive vectors colinear to u 0 , . . . , u n generate the lattice N while, for a general lattice simplex ∆, the toric variety X is a fake weighted projective space, see [Buc08] . In this section we are going to consider a family of Archimedean metrics on this kind of polarized toric varieties. To this end choose a system of affine functions on
Let c i , i = 0, . . . , n be a collection of positive real numbers such that 
The next proposition shows that the metrics considered in this section are a particular case of the metrics considered in the previous section.
Proposition 5.8. The Legendre-Fenchel dual of ϑ is the concave function
Λc i e −Λ mi,u .
Therefore the metric at the Archimedan place is given, for p ∈ X 0 (C), by
Proof. We consider first the case of the simplex standard ∆ n and the concave function
where we write
Arguing as in [BPS11, Example 2.4.3], one checks that
where u = (u 1 , . . . , u n ) and u 0 = 0. We now consider the function ϕ : M R → R n given by
. Using these relations one can verify that ϑ = ϕ * ϑ 0 . We write ϕ(x) = H(x) + a, where H is a linear isomorphism and a ∈ R n . Then, by [BPS11, Proposition 2.3.8(2)],
Let e 1 , . . . , e n be the standard basis of R n and put e 0 = 0. Since ϕ −1 sends e i to m i , we deduce that
and that H −1 a = m 0 . Substituting this in equation (5.2) we obtain the first statement of the proposition. The second statement follows directly from the first.
The faces of ∆ are in one-to-one correspondence with the nonempty subsets I ⊂ {0, . . . , n} by the formula
Therefore, Proposition 5.8 and Theorem 5.5 imply that the successive minima of X are given by
In contrast with the previous example, for the metrics of this section we can also compute explicitly the height of X with respect to D [BPS11, (6.2.4)]:
log(Λc i ).
5.4. Toric bundles. In this section, we compute the successive minima of the toric bundles that we considered in [BPS11, § 7.2]. Let n ≥ 0 and write P n = P n Q for short. Let a r ≥ · · · ≥ a 0 ≥ 1 be integers, consider the bundle P(E) → P n of hyperplanes of the vector bundle
where O(a j ) denotes the a j -th power of the universal line bundle of P n . This bundle is a smooth toric variety over Q of dimension n + r.
We consider its universal line bundle O P(E) (1), that is the line bundle corresponding to the Cartier divisor D := a 0 D 0 + D 1 , where D 0 denotes the inverse image in P(E) of the hyperplane at infinity of P n and
. It is an ample Cartier divisor.
As explained in [BPS11, § 7.2], there is a standard splitting N R = R n+r . This splitting gives us coordinates (x, y) = (x 1 , . . . , x n , y 1 , . . . , y r ) on M R = R n+r . We
With this notation, the polytope associated to D is
At the Archimedean place, we equip D with the smooth metric induced by the Fubini-Study metric in each sumand of E. If we denote by s D the toric section associated to D, this metric is given, for (z, w) ∈ (C × )
with w 0 = z 0 = 1. We also equip D with the canonical metric at the nonArchimedean places and we denote by D the obtained semipositive metrized divisor. Clearly,
for certain weights α m ∈ R ≥0 . Hence, this is again a particular case of the metrics considered in § 5.2.
Proposition 5.9. With the previous notation
Proof. By Theorem 5.5, we deduce from (5.4) that
To compute the sum inside the logarithm, it is enough to evaluate the expression for s D (z, w) We claim that
for all (z 0 , . . . , z n , w 0 , . . . , w r ) ∈ C n+r+2 . We consider the bigrading that gives z i bidegree (1, 0) and w j bidegree (−a j , 1). Then both sides of equation (5.7) are bihomogeneous of bidegree (0, 1) and they agree whenever z 0 = w 0 = 1. Therefore they agree on C n+r+2 . The faces of ∆ D of dimension n + r − h are the slices obtained cutting ∆ D by hyperplanes x i = 0, i ∈ I and y j = 0, j ∈ J, with I {0, . . . , n}, J {0, . . . , r} and #I + #J = h. We denote F I,J such a face. Consider the point p I,J ∈ C n+r+2 given by z i = 0 if i ∈ I, z i = 1 if i ∈ I, w j = 0 if j ∈ J, w j = 1 if j ∈ J. This point satisfies
Evaluating (5.7) at the point p I,J we obtain
Thus, by (5.5), µ aj over all I, J satisfying #I + #J = i − 1. We obtain the result by writing = #I and taking into account that we ordered the a j so that a r ≥ · · · ≥ a 0 ≥ 1.
In particular, when i = 1 then necessarily takes the value 0 and we recover Proposition 5.9. Whereas for n + 1 ≤ i ≤ n + r + 1 it can be shown that the minimum is attained with = n. For this value the sum inside the logarithm equals n + r + 2 − i and we get µ i D (P(E)) = 1 2 log (n + r + 2 − i) for i = n + 1, . . . , n + r + 1.
Remarkably, as in § 5.3, in this example the roof function and the height of P(E) with respect to D are also computed, see [BPS11, § 7.2].
Example 5.11. The particular case n = r = 1 corresponds to the Hirzebruch surfaces: for b ≥ 0, we have
for any a 0 ≥ 1. Although the surface does not depend on the choice of a 0 , the divisor does. We set a 1 = a 0 + b. Then we obtain Proposition 5.12. With the previous notation, for each v ∈ M K let ϑ v : ∆ → R be the function parametrizing the upper envelope of the polytope
Then, ϑ is the roof function of D. In particular, for i = 1, . . . , n + 1, Observe that, for each place v, the vertices of the subdivision Π v in (a) are lattice points. If the dimension of Y is one, this implies that we can choose Π in (b) such that all its vertices are lattice points. This is the case in Example 1.3 in the introduction. By contrast, in higher dimension, we may need Π to have non-lattice vertices as shown in the next example.
Example 5.13. Consider the quadric S ⊂ P 3 defined as the closure of the monomial map T 2 −→ P 3 , (t 1 , t 2 ) −→ (1 : 2t 1 : 4t 2 : t 1 t 2 ).
As before let D be the restriction of the metrized divisor H to S. The corresponding v-adic roof functions are described by the diagram in Remark 5.14. The method used in this example can be applied to compute the successive minima of any toric variety over K with a semipositive toric metrized R-divisor D such that D is ample and the associated functions ψ D,v are piecewise affine. In this case, for each v, the local roof function ϑ v is not given by Proposition 5.12, but it is computed as the Legendre dual of ψ D,v . Moreover, if one is only interested in the essential minimum, we can drop the ampleness and semipositiveness assumptions.
5.6. Translates of subtori with the Fubini-Study metric. We consider now the case when X is a toric variety over Q and D is a semipositive toric metrized R-divisor, with D ample and such that, for every non-Archimedean place v ∈ M K , the function ψ D,v is piecewise affine and for v = ∞, the function ψ D,v is smooth. This is the case when the non-Archimedean metrics are defined by means of a model and the Archimedean metric is smooth, which is the situation classically considered in Arakelov geometry.
Let S ⊂ M K be the finite subset containing all non-Archimedean places with ψ D,v = Ψ D .
Lemma 5.15. With the previous notation, the essential minimum of X with respect to D is computed by applying the following steps. Since the stability sets of ψ S and ψ D,∞ agree, by [Roc70, Theorem 16 .4], the supremum is attained at some point. By the concavity of the functions, the supremum is attained at any point u 0 satisfying the condition 0 ∈ ∂(ψ S (u) + ψ D,∞ (−u))(u 0 ), which is equivalent to the condition given in step (c).
We place ourselves again in Setting 5.6 with K = Q and we equip H with the Fubini-Study metric at the Archimedean place and the canonical metric at the nonArchimedean places. We denote H We illustrate the recipe in Lemma 5.15 in the following examples, where D denotes the metrized divisor defined as before.
Example 5.16. Let C ⊂ P 2 Q be the quadric curve over Q given as the image of the map P 1 −→ P 2 , (t 0 : t 1 ) −→ t The function ψ S and its sup-differential is illustrated in Figure 5 . In this figure, we see a polyhedral decomposition of the plane. The two vertices of this polyhedral decomposition are the points (− log(2), log(2)) and (2 log(2), −2 log(2)).
The function ψ S is affine in each of the four maximal polyhedra and its value on each polyhedra is given in the figure. In the interior of each of these polyhedra, the sup-differential contains a single vector also given in the figure. The sup-differential at a point belonging to a non-maximal polyhedra is the convex envelope of the supdifferentials of the neighbouring maximal polyhedra. For instance, ∂ψ S (u 1 , u 2 ) = conv((0, 0), (1, 0), (1, 1)) if − log(2) = u 1 = −u 2 , ∂ψ S (u 1 , u 2 ) = conv((0, 0), (1, 1)) if − log(2) < u 1 = −u 2 < 2 log(2). 
